An invariant-based design procedure using trace-normalized plane stress stiffness matrix and unit circle failure criterion for carbon fiber reinforced polymer (CFRP) is presented and compared to the traditional design approach. Using the invariant-based design approach, the optimal stiffness-based layup solution is material independent and thus valid for any CFRP. Then, trace of the plane stress stiffness matrix is the only material property needed for strain scaling. Moreover, the unit circle failure criterion is invariant with respect to ply orientation and requires only the unidirectional longitudinal tensile and compressive strains-to-failure, which greatly simplifies testing. In this study, smooth and open-hole plates are evaluated using the traditional design approach and invariant-based design procedures. The results show that the invariant-based design approach greatly simplifies the design procedure of CFRP structural components.
Introduction
Because of their superior properties, carbon fiber reinforced polymer (CFRP) composites are the material of choice for a variety of structural applications, which demand high strength-and modulus-to-weight ratio and corrosion resistance. However, the inherent anisotropy of these materials -fundamental to design flexibility and to their superior properties -makes their mechanical characterization complex, costly and time consuming. For unidirectional plies under in-plane loading, there are four independent stiffness parameters to be measured; i.e., longitudinal, transverse and shear moduli and Poisson's ratio; and five strengths for criteria such as Tsai-Wu [1] ; i.e., longitudinal and transverse tensile and compressive, and shear. Likewise, finding an optimal design of composite laminates is significantly complicated due to the large number of possible combinations of material properties and stacking sequences.
Numerous studies for design optimization of composite structural components have been presented in the literature [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . While some optimization approaches may assume a fixed geometry (topology) of the component and concentrate the effort on optimizing laminate properties, others focus on both optimum layup configurations and thickness profiles. Design constraints may include maximum stiffness and minimum weight [3] or stiffness and aeroelastic requirements [4, 5] . In some cases, the layup is fixed and only thickness optimization is performed [15] [16] [17] . In other cases, the focus is mainly placed on stacking sequence optimization [18] [19] [20] [21] [22] [23] [24] [25] [26] , sometimes with a fixed number of ply orientations [27] [28] [29] . Considering the specific material properties for each optimization study, scaling for different materials is usually not possible, and thus, the solution is material specific.
Recently, an invariant-based approach was proposed to describe elastic properties and failure of carbon fiber reinforced composite laminates [30] . The plane stress stiffness matrix components have been shown to be invariant when normalized by its trace. Thus, a ''master ply" was defined using trace-normalized stiffness components to describe the stiffness properties of all CFRPs. A unit circle was also proposed as an invariant failure envelope in strain space to all CFRPs [31] . The criterion is based on uniaxial tensile and compressive strains-to-failure of a unidirectional ply. Thus, the number of independent parameters to be determined is greatly reduced as compared to typical failure criteria currently used. In addition, these tests are simpler to perform when compared to shear tests, normally required in most failure criteria.
The purpose of the present work is to describe a design procedure using the invariant-based approach to the optimal design of structural components made of carbon fiber reinforced composite materials and compare it to a traditional design method.
Background
Carbon fiber tapes have been shown to share common stiffness properties if they are normalized by their respective trace of the plane stress stiffness matrix, where Tr [Q] is given by Eq. (1) [30, 32] .
In Table 1 , trace-normalized stiffness factors are shown for fifteen different carbon fiber composites [32] . Although the elastic constants for the various materials are very different, their tracenormalized properties are very similar. Thus, their mean values have been used to define a ''master ply".
The master ply properties shown in Table 1 are valid for unidirectional CFRP tapes. For glass/polymer composites, the fiber dominance on ply trace is less than that of carbon composites, due to the much lower elastic modulus of glass fibers as compared to carbon fibers. Also, fiber volume fractions in these materials are normally lower than those of typical CFRPs. Thus, there is a greater variation in trace normalized stiffness components among different glass/polymer composites and a master-ply may not be a good representation of these materials.
In ] have the same value, thus invariant to stacking sequence as shown in Fig. 1 , where stiffness components are presented as a function of ply orientation for a [0/+h/Àh] laminate. These trace values are also the same as trace [Q] .
In case master ply properties are used, all stiffness properties are trace normalized. Thus, the curves will be valid not only for a specific material as in Fig. 1 , but to any CFRP composed of UD plies (Fig. 2) . The curves for a specific material can be obtained if the stiffness components are multiplied by trace [Q] for that material. Thus, with trace normalized stiffness components, design optimization is more efficient since once the best laminate is defined, the solution is general, not limited to a specific material. 
Designing with trace
Most structures are designed using finite element analysis software. These programs require material properties for simulation. The trace-normalized elastic properties for a master ply are shown in Table 2 , based on the components of trace normalized plane stress stiffness matrix given in Table 1 .
It is observed in Table 2 Tr½Q ¼ E x 0:8796 ð3Þ
The invariant-based approach for design using master ply tracenormalized elastic properties (Table 2) is shown in Fig. 1 . The same figure shows the traditional approach for comparison.
As shown in Fig. 3 , an optimized design for a given set of loads is only valid for a specific material when the traditional design approach is used. Thus, if a material is changed, the optimization procedure needs to be conducted again. In contrast, the tracebased optimized solution is valid for any CFRP. Once the optimized solution is determined for the master ply, trace can be used as the scaling factor for the determination of strains.
Strength calculation needs only to be conducted after a material has been selected. Then, the calculation can be greatly simplified if the unit circle failure criterion is used [31] . In this case, only longitudinal tensile and compressive strengths are used in addition to the longitudinal elastic modulus. The unit circle failure criterion is given in Fig. 4 .
The following example cases illustrate the use of the invariantbased approach for design. The material properties used are given in Table 1 .
In-plane load
For this example, the design constraints considered are that any strain component must be smaller than 5.0 Â 10 À3 in addition to a safety factor of at least 2.0 (failure index of 0.5). Failure index will be calculated for the unit circle failure criterion. The materials to be considered are T700 C-Ply 55, AS4/H3501 and T300/5208. Four load cases must be considered, as shown in For all materials ply thickness is 125 lm and matrix degradation factor was assumed as E m ⁄ = 0.15.
For the unit circle failure criterion, only the longitudinal tensile and compressive strengths are needed, in addition to the longitudinal elastic modulus. The properties X, X 0 and E x used for these three materials are shown in Table 4 . Other strength parameters and degraded elastic properties for these three materials are also shown in Table 4 .
Open hole -using master ply for stress concentration
Exact solutions for practical problems of homogeneous anisotropic materials such as stress concentration around open holes have been developed in the past [33] . Although exact solutions are limited when boundary conditions are complex, they provide the best source of validation for numerical solutions. They have no mesh dependency or convergence issue.
For anisotropic materials under plane stress, the stress distribution around a notch depends on the elastic constants of the material. For laminated composites, the effective constants of the laminate shall be used. Such direct substitution makes the tracebased approach very convenient for these calculations. Thus, the use of the trace-based approach for both exact and numerical solutions will be discussed.
For the exact solution, the equations for the stress distribution in an orthotropic plate with a circular hole under tension in the principal direction are used (Fig. 5) . The stresses are calculated at points A and A 1 (Fig. 5) , at the ends of the diameter in the direction parallel to the applied forces, according to Eq. (4).
And at points B and B 1 (Fig. 5) , at the ends of the diameter perpendicular to the forces, the stress is given by Eq. (5).
where:
Thus, the stress concentration factors in Eqs. (4) and (5) are, respectively,
These stress concentration factors will be calculated for three laminates -[p/4] 2s , hard [0 5 /±45/90] s and soft [0/±45 3 /90] s -using master ply properties and also the same materials considered in the previous example: T700 C-Ply 55, AS4/H3501 and T300/5208.
Open hole -using FEA for strength
To illustrate the use of the invariant-based approach for design, a Finite Element Analysis -FEA is also performed for the in-plane load and open hole problems. FEA has been widely used for practical engineering problems for its capability of solving boundary value problems with complex geometry, material, loading and boundary conditions. In this study, a commercial FEA software package -Abaqus/Standard -was used to solve the in-plane load and open hole boundary value problems.
A mesh convergence study was first carried out for the open hole problem with isotropic material for which theoretical solutions are well known. Then, the composite plate was modeled with composite shell formulation in Abaqus/Standard. A quarter of the open hole plate was modeled with symmetric boundary conditions. Smeared layers option with general shell section was used to eliminate the stacking sequence effect and obtain the laminate stiffness matrix. Other prediction approaches to model the effect of notches on strength of composite laminates have been described in the literature, in some cases showing remarkable agreement with experimental data [34, 35] . However, improvements in Note: E x , E y , E s , and m x are the longitudinal, transverse and shear moduli and major Poisson's ratio, respectively; X, X 0 , Y, Y 0 and S are the longitudinal and transverse tensile and compressive and shear strengths, respectively. Elastic moduli in (GPa) and strengths in (MPa). F xy ⁄ = À0.5 for intact plies and F xy ⁄ = À0.075 for degraded plies. E m = 3.40 GPa for all materials. Degraded moduli are calculated using micromechanics relations. accuracy are normally associated with increased complexity and additional properties required. A shell edge load of 100 N/mm was applied at the right side edge with total plate thickness of 2 mm. Stress concentration factors for the open hole problem were calculated using the same laminates and materials considered for the exact solutions. In addition, failure analyses using FEA were also performed considering four load cases. A post processing python script was written and failure indices for all laminates and load cases were calculated using unit circle and Tsai-Wu failure criteria.
Results and discussion

In-plane load
First, the traditional design was used for the calculation of strains and failure indices. In this case, the strains for each lay up and load case are calculated for a specific material. The results are shown in Table 5 .
For each material, lay up and load case, the failure index (k) was determined based on the unit circle criterion. The results are shown in Table 6 .
Therefore, based on the design constraints, the laminate that will best fit the requirements is the hard laminate [0 5 /±45/90] s made from T700 C-Ply 55. Now, if the same problem is solved using the trace-based approach, the strains are calculated for each laminate and applied load considering the master ply. The solution is shown in Table 7 .
The solution in Table 7 applies to the same laminates made of any UD CFRP. It is clear that the hard laminate [0 5 /±45/90] s results in the smallest strains and thus should be selected. The material selection can start by that material of smallest trace. In order to get the strains for a given material, the strains for the master ply can be divided by the trace of that material. For instance, if T700 C-Ply 55 is selected, Trace [Q] = 139 GPa. Then, the strains for this material can be determined if the strains in Table 7 are divided by 139 GPa, as shown in Table 8 . In Table 8 , the strains calculated Table 6 Failure indices of CFRP laminates under various load cases. directly from material properties in Table 5 are also shown for comparison.
As it can be seen in Table 8 , the strains calculated using the trace-based approach are very similar to those calculated using all elastic properties.
Since the material of smallest trace have met the stiffness criterion for the hard laminate [0 5 /±45/90] s , the failure criterion needs to be verified only for this specific material and laminate. The process for the verification of strength is the same as shown in Table 6 and need not to be repeated here.
The trace-based design approach can be extended to carpet plots. Carpet plots are very useful to stiffness-based designs. In Fig. 6 , a carpet plot is shown for the longitudinal Young's modulus of a family of [p/4] balanced laminates using master ply properties. The same plot can be used for the transverse modulus. Since master ply properties were considered, this carpet plot is valid for all CFRPs. The Young's modulus for a specific laminate and material can be obtained if the normalized value is multiplied by the corresponding material trace. Thus, using trace, only one universal carpet plot is needed, instead of one for every material. In addition, the trace-based carpet plot is not sensitive to environmental conditions in cold-dry and hot-wet. Just need to get trace at the respective conditions.
Open hole -using master ply for stress concentration
The calculated stress concentration factors for the stresses at the ends of the diameter parallel and perpendicular to the force direction are shown in Table 9 . The results include the three materials evaluated and also the master ply.
As it can be seen in Table 9 , stress concentration factors calculated using master ply are very similar to those calculated for each material. Therefore, master ply properties can be used with good accuracy for the calculation of stress concentration factors of open hole orthotropic plates.
The combined stress effects of notched strength as assumed to follow the same as those of smooth specimen strength. The implicit assumption is that the reduction in the uniaxial strength in tension and compression can be adequately represented by some strain reduction factor, and the effect under combined stress is carried over the same way.
Open hole -using FEA for strength
Stress concentration factors at the ends of the hole diameter parallel and perpendicular to the force direction obtained from FEA analyses are shown in Table 10 . The results include the same three materials and the master ply evaluated in Table 9 . A good correlation is observed between the stress concentration factors presented in Tables 10 and 9 . Fig. 7 illustrates the determination of the stress concentration factors using FEA. The figure shows stress components S11 and S22, in directions parallel and perpendicular to the applied load, respectively, for AS4/H3501 with laminate [0/±45/90] 2s . Far field S11 is 50 MPa, corresponding to the applied pressure. S11 at point B (Fig. 5 ) is 150.292 MPa and S22 at point A (Fig. 5) is À50.7517 MPa. Thus, the corresponding stress concentration factors are (N + 1) = 3.01 and (À1/K) = À1.02. Failure analyses using FEA were also performed for the open hole CFRP laminates considering various load cases. Failure indices for all laminates and load cases are listed in Table 11 considering unit circle (U-C) and Tsai-Wu (T-W) failure criteria. Failure indices were determined considering the maximum value over the laminate. Laminate failure occurs when failure index reaches 1. It is shown in Table 11 that, in general, the unit circle failure criterion is more conservative than Tsai-Wu. As shown in Table 11 , for some CFRP materials, failure indices based on unit circle can be slightly smaller as compared to those using Tsai-Wu, on specific areas of the failure envelope. This is due to the fact that matrix controlled strengths -Y, Y 0 and S -which may affect the shape of the minimum inner failure envelope in strain space generated using Tsai-Wu, are not used to generate the unit circle. However, in these cases, the difference between the two failure criteria is small or negligible when compared to data scatter commonly found in strength data. An example output contour plot of failure index (k) is shown in Fig. 8 for AS4/H3501 [0/±45/90] 2s , load case 1: {N 1 , N 2 , N 6 } = {0.25, 0.0, 0.0}.
Conclusions
This work presented a design procedure using the invariantbased approach to the optimal design of structural components made of carbon fiber reinforced composite materials and compared it to the traditional design approach. Strains and failure indices were determined for laminated plates using invariants and also the traditional design. With the master ply concept, each laminate is defined geometrically according to ply angles, percentages, and stacking sequence. The optimized solution using master ply applies to laminates made of any UD CFRP. Thus, material selection comes later in design and trace is the only material property needed as the scaling factor for the determination of strains. For laminates with open hole, stress concentration factors can also be determined using master ply properties, thus valid for any CFRP. Failure analyses using FEA for open hole CFRP laminates considering various load cases indicated that the unit circle failure criterion is more conservative than Tsai-Wu. Thus, the calculation can be greatly simplified if the unit circle failure criterion is used since longitudinal tensile and compressive strengths, in addition to the longitudinal elastic modulus, are the only material properties required. In summary, the results presented in this work show that the invariant-based design approach, based on a reduced number of material properties, greatly simplifies the design procedure of CFPR structural components. 
